Tangents and Intersecting Chords

Exercise 18A

Question 1.
The radius of a circle is 8 cm. Calculate the length of a tangent drawn to this circle from

a point at a distance of 10 cm from its centre?

Solution:

OP =10 cm; radius OT =8cm

.+ OT LPT
In Rt AQTP,
OP? = QT? + PT?
10% = 8% + PT?
PT2 = 100- 64
PT2 =36

PT=6

Length of tangent =6 cm.

Question 2.

In the given figure, O is the centre of the circle and AB is a tangent to the circle at B. If
AB =15cm and AC = 7.5 cm, calculate the radius of the circle.



Solution:

AB=15cm, AC=7.5cm

Let 'r" be the radius of the circle.
L OC=0B=r
AD=AC+0OC=75+r

In AROR,

AOZ=AB?+0B?

[7.5+ rj2 = 152 4 ¢

2
(15+ErJ oot 4.2

= 225 4 4r 4 GOr = 900 + 4
= aolr = 6875
=r=11.25 cm

Therefore, r=11.25cm

Question 3.

Two circles touch each other externally at point P. Q is a point on the common tangent
through P. Prove that the tangents QA and QB are equal.

0Q



Solution:

From Q, QA and QP are two tangents to the circle with centre ©
Therefore, Q& = QP ....[0)

Similarly, from Q. QB and QP are two tangents to the circle with centre O
Therefore, QB = QP ....[ii)

From (i) and (ii)

OA=0B

Therefore, tangents QA and QB are equal.

Question 4.
Two circles touch each other internally. Show that the tangents drawn to the two circles

from any point on the common tangent are equal in length.

Solution:

o
N

From Q. QA and QP are two tangents to the circle with centre O
Therefore, QA=0QP ...... {i)

Similarly, from Q. QB and QP are two tangents to the circle with centre Q'
Therefore, QB = QP .......{ii)

From (i) and (ii)

QA=QB

Therefore, tangents QA and QB are equal.

Question 5.
Two circles of radii 5 cm and 3 cm are concentric. Calculate the length of a chord of the

outer circle which touches the inner.



Solution:

OT=3cm
In Bt. Triangle O5T
By Pyvthagoras Theorem,

ST = 052 - OT*

ST?=25-9
ST? = 16
ST =4 cm

Since OT is perpendicular to SP and OT bisects chord 5P

50,5P=8cm

Question 6.

Three circles touch each other externally. A triangle is formed when the centers of these

circles are joined together. Find the radii of the circles, if the sides of the triangle formed
are 6 cm, 8 cm and 9 cm.

Solution:



Q

AB=6cm,AC=8cmandBC=9%9cm
Let radii of the circles having centers A, B and C be rq, r3 and r3 respectively.

ri+r3=8

rz3+r=9

rp+ri=6

Adding
ri+r3+r3+ra+ra+ry=8+9+6
2rq+rp+r3) =23
ri+rpo+rz=115cm
ri+9=115(Since rp+r3=9)
rq=2.5cm
rp+6=115(Sincery +r3=6)
ro=55cm
rz+8=115(Sincerp +ry=8)
r=3.5cm

Hence,ri=25cm,rp=55cmandrz=3.5cm

Question 7.
If the sides of a quadrilateral ABCD touch a circle, prove that AB + CD = BC + AD.

D - C

N
_/




Solution:

A P B
Let the circle touch the sides AB, BC, CD and DA of quadrilateral ABCD at P, Q. R and S respectivealy.

Since AP and AS are tangents to the circle from external point A

Adding,
AP+BP+CR+DR=AS+DS+BQ+CQ
AB+CD=AD+BC

Hence, AB+CD=AD +BC

Question 8.

If the sides of a parallelogram touch a circle, prove that the parallelogram is a rhombus.

3] C




C

A > '

From A, AP and AS are tangents to the circle.
Therefore, AP = AS.......(i)

Similarly, we can prove that:

BP=BQ...... (i)
CR=CQ...... (iii)
DR=DS..... (iv)
Adding,

AP+BP+CR+DR=AS+DS+BQ+CQ

AB+CD=AD +BC

Hence, AB + CD = AD + BC

But AB = CD and BC = AD.......(v) Opposite sides of a [[gm
Therefore, AB+ AB =BC + BC

2AB=2BC

AB =BC ........(vi)

From (v) and (vi)

AB =BC =CD =DA

Hence, ABCD is a rhombus.

Question 9.
From the given figure prove that:
AP+BQ+CR=BP+CQ+AR.

A




Also, show that AP + BQ + CR =% x perimeter of triangle ABC.
Solution:

Since from B, BO and BP are the tangents to the circle
Therefore, BO = BP ..........[0)

Similarly, we can prove that

AP = AR o (ii)

and CR=CQ ... (iii)

Adding.

AP+BQ+CR=BP+CO+AR...... [iv)

Adding AP + BQ + CR to both sides
2(AP+BQ+CR)=AP+POQ+CQ+0OB+AR+CR
2(AP+BQ+CR)=AB+BC+CA

Therefore, AP+ BO+CR = % x(AB+BC+CA)

AP+BOQ+CR= % ¥ perimeter of triangle ABC

Question 10.
In the figure, if AB = AC then prove that BQ = CQ.

A

Solution:



Since, from A, AP and AR are the tangents to the circle
Therefore, AP = AR

Similarly, we can prove that

BP=BQand CR=CQ

Adding.

AP+BP+CO=AR+BQ+CR

(AP+BPF)+ CQ={AR+CR)+BQ

AB+CQO=AC+BO

But AB = AC

Therefore, CO=BQorBQ=C0

Question 11.

Radii of two circles are 6.3 cm and 3.6 cm. State the distance between their centers if —
i) they touch each other externally.
ii) they touch each other internally.

Solution:
Radius of bigger circle = 6.3 cm

and of smaller circle=3.6cm

i)

Two circles are touching each other at P externally. O and O’ are the centers of the circles. Join OPand O'P
OP=63cm, OP=3.6cm
Adding.

OP+OP=63+3.6=9.9cm



i)

Two circles are touching each other at P internally. O and O’ are the centers of the circles. Join OP and O'P
OP=63cm, OP=3.6cm
OO'=0P-0P=63-3.6=27cm

Question 12.

From a point P outside the circle, with centre O, tangents PA and PB are drawn. Prove
that:

i) 2AOP = ~BOP

ii) OP is the perpendicular bisector of chord AB.

Solution:

Jin AROP and ABOP

AP =BP (Tangents from P to the circle)
QP = OF {Common)

04 = OB (Radii of the same circle)

. By Side - Side - Side ariterion of congruence,

AAOP = ABOP

The corresponding parts of the congruent triangles are congruent.,
= LAOF = ZBOP [by cp.ct|



In AGAM and AQBM

OA = OB (Radii of the same circle)

LA0M = #BOM (Proved ZA0P = #BOP )
OM = OM (Common)

. By Side-Angle-Side oriterion of congruence,

ADAM = ADBM

The corresponding parts of the congruent triangles are congruent,
= Al = VB

and ZOMA = ~OMB

but,

Z0OMEA + Z0ONMB = 1809

Lo LZ0MA = Z0NMB = S0P

Hence, OM or OP is the perpendicular bisector of chord AB.

Question 13.
In the given figure, two circles touch each other externally at point P. AB is the direct
common tangent of these circles. Prove that:

A

i) tangent at point P bisects AB.
ii) Angle APB = 90°



Solution:

Draw TPT' as common tangent to the circles.

i) TA and TP are the tangents to the circle with centre O.

Therefore, TA=TP.......... (i)
Similarly, TP =TB ....cc..e (i)
From (i) and (ii)

TA=TB

Therefore, TPT' is the bisector of AB.
i) Nowin AATP,
L LTAP = ZTPA

Similarly in ABTP, ZTBP = ZTPB
Adding,

LTAP + LTBP = LAPB

But

L LTAP + LTBP + ZAPB =180°
= ZAPB = ZTAP + LTBP = 90°

Question 14.

Tangents AP and AQ are drawn to a circle, with centre O, from an exterior point A. Prove
that:

<PAQ =2,0PQ



Solution:

0

In quadrilateral OPAQ,

S0OPA = Z0048 = 90°

(- OF LPA and 00 1 QA)

L LPO0 + ZPAQ + 907 4+ 90° = Zo00
= SPO0 + ZPAQ = Z00P - 1807 = 180°........ .. (i)
In triangle OPQ,

0P = 0Q (Radii of the same circle)

L £0RD = Z00P

But

LPO0Q+ Z0PO + £00F = 180°

= /PO + ZOPQ+ 20PQ = 1800
= /POQ + 220P0 = 1800, ..........(iD)

From (i) and (ii)

ZPOQ + ZPAQ = £POQ + 220PQ
= /PAQ = 220PQ

Question 15.

Two parallel tangents of a circle meet a third tangent at point P and Q. Prove that PQ
subtends a right angle at the centre.

Solution:



B

Join OP. OQ, OA, OB and OC.

In AOAP and AQCP

OA = OC {Radii of the same circle)

OP = 0P (Common)

PA = PC (Tangents from P)

.. By Side-Side-Side criterion of congruence,

AQAP = AOCP (SSS Postulate)

The corresponding parts of the congruent trinagles are congruent.
= LAPO = ZCPO  (cpct)........ ()

Similarly, we can prove that
L ADCO = ADBD
= 000 = ZBQO ... .. (i)

L LAPC = 220P0 and £2C0B = 2-2C00
But,

ZAPC + £C0B = 180°

(Sum of interior angles of a transversal)
L 2£CP0+ 22000 = 180°

= SCPO+ £CQ0 = S0P

MNow in APQQ,

ZEPD + 2000 + ZPO0 = 180°
— Q0° + PO = 1809
- /P00 = 9P



Question 16.
ABC is aright angled triangle with AB = 12 cm and AC = 13 cm. A circle, with centre O,
has been inscribed inside the triangle.

A

12 cm

B

Calculate the value of x, the radius of the inscribed circle.

Solution:
In AABC, #B = 9°

OL 1L AB,OMLBC and CN L AC

LEMO is a square.
LE=EN=0L=0M=0M=x

DAL =12-x
DAL =AN=12-x

Since ABC is a right triangle

AC? = AB? 4+ BC?
=13 = 12 + BC®
=169 = 144 + B2
= BC? = 25
=BC=5

MG =5-x

But Clvl = CM

L CM=5-x

Mo, A0 = AN+ MNC
13=({12-x)+(5-x)
13 =17 - 2x

2% =4

X =2 Cm



Question 17.

In a triangle ABC, the in circle (centre O) touches BC, CA and AB at points P, Q and R
respectively. Calculate:

i) 2QOR

ii) QPR

given that 2A = 60°

Solution:

The incircle touches the sides of the triangle ABC and

OP LBC,00 L AC,OR L AB
i) In guadrilateral AROQ,

ZORA = 90P, 2004 = 900, 28 = 60P
ZQ0R = 360° - (900 + 90 + 607)
Z00R = 3600 — 2400

ZO0R = 1209

i) Mow arc RQ subtends Z£QOR. at the centre and ZQFR at the remaining part of the circle.
1
L L0PR = EiﬁDR

= /PR = % x 120°
= /PR = 60°

Question 18.

In the following figure, PQ and PR are tangents to the circle, with centre O. If, calculate:
i) 2QOR

ii) 2OQR

iii) QSR



Zl
N

Solution:

Join QR.

i) In quadrilateral ORPQ,

0OQ L OP,CR L RP

- ZOQP = 90°, LZORP = 90°, ZOPR = 60°
ZQOR = 360° - (90° + 9P + 60°)

ZQOR = 360° - 2409

ZQOR = 1200

i) In AQOR,
0OQ = QR (Radii of the same circle)

2 ZOGQR = ZORO.......... (i)

but, ZOQR + ZORO + ZQOR = 180°
ZOGQR + ZQRO + 120° = 1800
ZOQR + ZQRO = 60°

from (i)

2/00QR = 60°

ZOOR = 30°



i) Mow arc RO subtends Z0Q OF at the centre and Z0Q SR at the remaining part of the circle.

- ZOSR = %éQDR

— /OSR = %x 1200

= /OSR = 60°
Question 19.

In the given figure, AB is a diameter of the circle, with centre O, and AT is a tangent.
Calculate the numerical value of x.

B

Solution:

In ADBC,
OB = 0C (Radii of the same circle)

L L20BC = Z0CE

But, Ext-C0A = Z0OBC+ Z0OCEB
ExtsC0O4A = 22060

= 647 = /0BT

= 0BT = 327

MNowin ASBT,

ZBAT = 90P (04 L AT)
ZOBC or £Z8BT = 32°

L ZBAT + £8BT + x° = 180°
— a0 4+ 327 4 %@ = 180"

= %0 = 58



Question 20.

In quadrilateral ABCD, angle D = 90°, BC = 38 cm and DC = 25 cm. A circle is inscribed in
this quadrilateral which touches AB at point Q such that QB = 27 cm. Find the radius of
the circle.

Solution:
B
27 cm
Q

&
A e

E
P 0 R
D e ¢

25 cm

BQ and BR are the tangents from B to the circle.
Therefore. BR=BQ =27 cm.

Also RC=(38-:27)=11cm

Since CR and CS are the tangents from C to the circle
Therefore.CS=CR=11cm
So,DS=(25-11)=14cm

Now DS and DP are the tangents to the circle
Therefore, DS = DP

Now, Z/PDES = Q(r (given)

and OP L AD,OS L DC

therefore, radius=DS =14 cm

Question 21.

In the given figure, PT touches the circle with centre O at point R. Diameter SQ is
produced to meet the tangent TR at P.

Given and £SPR = x° and 2QRP =y°

Prove that -;



i) 2ORS =y°
i) write an expression connecting x and y

- s R
Solution:

LZORF = ZO5SKR = v (angles in alternate segment)
But OS5 = OR (Radii of the same circle)

- ZORS = ZOSR = v
L 00 = 0R (radii of same drde)

L LO0R = Z0RQ =907 -y (i since OR LFT)
Butin APOQER,
ExtsO0QR =+ v (00D
From (i) and (ii)
X4y =907 -y
=X+ 2y = 90°
Question 22.
PT is a tangent to the circle at T. If ; calculate:
i) 2CBT
ii) £BAT

iii) ZAPT



Solution:

Join AT and BT.
i) TC is the diameter of the circle
- ZCBT = 90r (Angle in a semi-circle)

i ZCBA = 70°
wZABT = ZCBT —ZCBA =900 =707 = 2P

Now, ZACT = ZABT = 20° (Angles in the same segment of the
circle)
L LTCB = ZACB - ZACT = 50° - 20° = 30°

But, ZTCB = £TAB (Angies in the same segment of the circle)

L LTAB or ZBAT = 30°



i} #BTH = #TCEB = 30F (Anglesin the same segment)
L SFTE = 1800 - 200 = 1500
Mowin APTE,

ZAPT + ZPTE + ZABT = 180°
= LAFT + 150°+ 20° = 18CF
= JAFT =180 - 1707 = 10P

Question 23.

In the given figure, O is the centre of the circumcircle ABC. Tangents at A and C
intersect at P. Given angle AOB = 140° and angle APC = 80°; find the angle BAC.

s N\B

N o

Solution:

Join OC,

Therefore, PA and PA are the tangents
L OA LPA and OC L PC

In quadrilateral APCO,

LAPC + ZADC = 180°
= 80° + LAOC = 180°
= £ZAQC = 100°



ZBOC = 360° - (£ADB + £A0C)
ZBOC = 360° - (1409 + 100°)
/BOC = 3600 - 2400 = 1200

Mow, arc BC subtends B0 at the centre and #BAC at the remaining part of the circle

L LZBAC = %iE‘:DC

iBAC=%x12CP= 60P

Question 24.

In the given figure, PQ is a tangent to the circle at A. AB and AD are bisectors of ZCAQ
and 2PAC. If zBAQ = 30°, prove that : BD is diameter of the circle.

C

P A Q

Solution:

£CAB = £BAQ = 30°.....(AB is angle bisector of CAQ)
£CAQ =24BAQ = 60°......(AB is angle bisector of 2CAQ)
£CAQ + £PAC = 180°.....(angles in linear pair)

~£PAC =120°

£PAC = 2£CAD.....(AD is angle bisector of PAC)
2CAD = 60°

Now,
+<CAD + «CAB =60 + 30 =90°



<DAB =90°
Thus, BD subtends 90° on the circle
So, BD is the diameter of circle

Exercise 18 B
Question 1.
i) In the given figure, 3 x CP = PD =9 cm and AP = 4.5 cm. Find BP.

D
A

ii) In the given figure, 5 x PA =3 x AB = 30 cm and PC = 4cm. Find CD.

iii) In the given figure, tangent PT = 12.5 cm and PA = 10 cm; find AB.



Solution:
i} Since two chords AB and CD intersect each other at P

L AP xPB = CP xFD

= 4.5xPB=3x9 (3CP = 9om = CP = 3cm)

ox9

=PB = 45=6cm

if) 5ince two chords AB and CD intersect each other at P.

L AP xPB = CPxFD

But 5xPA =3xAB =30 cm
SE5xPA =30 cm =PFPA =56 cm
and 3xAB =30 cm = AB = 10 cm

=BP=PA+AB=6+10=16 cm
Moy,

APxPB = CPxPD

=6x 16 =4xPD

&x 16

=FD = =24 cm

CO=FPD-PC=24-4="20cm

iii} Since PAB is the secant and PT is the tangent

- PT? —PA xPB
= 1252 - 10xPB
= FE = —12'51%12'5 = 15.625 cm

AB=PBE-PA=15625-10=5625cm

Question 2.
In the given figure, diameter AB and chord CD of a circle meet at P. PT is a tangent to
the circleat T.CD=7.8cm, PD =5cm, PB =4 cm. Find

(i) AB.
(i) the length of tangent PT.



Solution:

(VP& = AB +BP = (AB + 4) cm
PC=PD+CD=5+7.8=128cm
Since PAxPB = PCxPD
= (AB+ d)x4=12.8x5

12.8x5

= AB+ 4=

=AB+4d =16
= AB =12 cm

(i) Since PT2 = PC xPD
=PT?=12.8x5
= PT2 = 64
=FT =8 cm

Question 3.

In the following figure, PQ is the tangent to the circle at A, DB is a diameter and O is the
centre of the circle. If ; ZADB = 30° and 2CBD = 60° calculate:

i) 2QAD
i) .PAD
iii) .CDB




Solution:

i) PAQ is a tangent and AB is the chord.
LAB = ZADB = 30° [angles in the alternate segment)
i) OA = 0D (radii of the same circle)

- ZOAD = Z0DA = 30°
But, O& L PQ
© ZPAD = ZOAP - Z0AD = 90° - 30° = 60°

iii) BD is the diameter.
- SBCD = 90r (angleina semi-circle)
Mowin ABCD,

SC0OB + ZCBD + ZBCD = 180F
= ZCOB + 607 + 9P = 180P
= ZC0OB = 1807 - 1507 = 30°

Question 4.

If PQ is a tangent to the circle at R; calculate:
i) 2PRS

ii) ZROT

Given: O is the centre of the circle and 2TRQ = 30°

Solution:



PQis a tangent and OR is the radius.
SORLPD

L Z0ORT = 9P

= LTRQ =907 - 30° = &
Butin ADTR,

T = OF (Radii of the same circle)

S ZO0TR = 60°P or ZSTR = 60°
But,

ZPRS = £ZSTR = 60° {angles in the alternate segment)
In ACORT,

LORT = a0#

ZOTR = 6P

L ZROT = 1802 - (6P + 60°)
SROT = 180° - 120° = &P

Question 5.
AB is diameter and AC is a chord of a circle with centre O such that angle BAC=30°. The
tangent to the circle at C intersects AB produced in D. Show that BC = BD.

Solution:

JoinOC,

ZBCD = ZABAC = 30° (angles in alternate segment)

Arc BC subtends D0 at the centre of the circle and #BAC at the remaining part of the circle.
L ZBOC = 27BAC = 2 x 30 = 607

Mow in ADCD,
LBOC or £D0C = 60

20CD = 9F (00 L CO)
- ZDOC+ £Z0DC = 90°



= 60" + Z00DC = 0P
= £00C = 907 - 60 = 30°

Mow in ABCD,

- Z00C or LEDC = ZBCD = 307
LB =BD

Question 6.
Tangent at P to the circumcircle of triangle PQR is drawn. If this tangent is parallel to
side QR, show that triangle PQR is isosceles.

Solution:

Q R

DE is the tangent to the circle at P

DE||QR (Given)

LEFR = #PRD  (Alternate angles are equal)

LOPD = £POR [Alternate angles are equal)....(i)

Let ZDPQO =x and ZEPR = v

Since the angle between a tangent and a chord through the point of contact is equal to the angle in the alternate segment
L LZ0PQ = ZPRO...L LD (DE is tangent and PQ s chord)

from (i) and (ii)

£POR = ZPRG

= PO =FR

Hence, triangle POQR is anisosceles triangle.

Question 7.

Two circles with centers O and O’ are drawn to intersect each other at points A and B.
Centre O of one circle lies on the circumference of the other circle and CD is drawn
tangent to the circle with centre O’ at A. Prove that OA bisects angle BAC.



Solution:

\_
B

Join OA, OB, O'A,O'B and O'0.

CD is the tangent and AO is the chord.

ZOAC = Z0BA....... (i) (angles in alternate segment)

In AQAB,

OA = OB (Radii of the same circle)

L LOAB = LOBA........... (ii)

From (i) and (ii)

ZOAC = ZOAB

Therefore, OA is bisector of / BAC



Question 8.
Two circles touch each other internally at a point P. A chord AB of the bigger circle
intersects the other circle in C and D. Prove that: ZCPA = ~DPB

Solution:

Draw a tangent TS at P to the circles given.

Since TPSis the tangent, PD is the chord.

. ZPAB = £ZBPS........... (i{angles in alternate segment)
Similarly,
ZPCD = L OPS i (ii)

Subtracting (i) from {ii)
ZPCD - ZPAB = ZDPS - ZBPS
Butin APAC,

Ext£ZPCD = ZPAB + ZCPA
. ZPAB + LCPA - ZPAB = ZDPS - ZBPS
= £LCPA = ZDPB



Question 9.
In a cyclic quadrilateral ABCD, the diagonal AC bisects the angle BCD. Prove that the
diagonal BD is parallel to the tangent to the circle at point A.

Solution:
o
C
;
B
i
%
ZADB = £ZACB...........(i){angles in same segment)
Similarly,
ZBBD = ZACD........... (i)

But, ZACB = £ACD{AC is bisector of ZBCD)
n ZBDB = ZABD(from (i) and (i)

TAS is a tangent and AB is a chord

. £BAS = ZADB{angles in alternate segment)

But, £ADE = 2ABD
L LZBAS = ZABD

But these are alternate angles

Therefore, TS| |BD.

Question 10.

In the figure, ABCD is a cyclic quadrilateral with BC = CD. TC is tangent to the circle at
point C and DC is produced to point G. If angle BCG = 108° and O is the centre of the
circle, find:

i) angle BCT

ii) angle DOC



Solution:

Join OC, OD and AC.
i)
SBCG+ ZBCD = 180° (Linear pair)

= 108" + ZBCD = 1207
= ZBCD = 180r - 105" = 72"

BC=CD

L 20CP = ZBCT

But, #BCT + #BZD + #DCP = 1807

L SBCT + ZBCT + 720 = 180P

2SBCT = 180R - 7F2@

SBCT = 54#

i)

PCTisatangent and CAis a chord.

L Z0AD = ZBCT = B4R

But arc DC subtends Q0O at the centre and 2 CAD at the

remaining part of the circle.

L LD0C = 22CAD = 2% 540 = 1057



Question 11.

Two circles intersect each other at point A and B. A straight line PAQ cuts the circle at P
and Q. If the tangents at P and Q intersect at point T; show that the points P,B,Qand T
are concyclic.

Solution:

Join AB,PB and BQ

TP is the tangent and PAis a chord

L LTPA = ZABP........... (i) (angles in alternate segment)
Similarly,

LTQA = ZABQ..........(ii)

Adding (i) and (ii)

LTPA + ZTQA = ZABP + ZABQ
But, in APTQ,

ZTPA + ZTQA + £PTQ = 180°
= /PBQ = 180° - ZPTQ

= /PBQ+ £PTQ = 180°

But they are the opposite angles of the quadrilateral
Therefore, PBQT are cyclic.

Hence, P, B, Q and T are concyclic.

Question 12.
In the figure, PA is a tangent to the circle. PBC is a secant and AD bisects angle BAC.
Show that the triangle PAD is an isosceles triangle. Also show that:

£CAD =3(~PBA — ~PAB)



S

Solution:

il PA is the tangent and AR is a chord
L £PAB = 2. ..., . .(i) (angles in the alternate segment)

AD is the bisector of ~BAC

In 4ADC,

ExtADP = 20+ 21
= ExtZADP = ZPAB + 22 = ZPAD

Therefore, APAL is anisosceles triangle.
i In ALBC,

ExtsFPBA = 20 + ZBAC
LSBAC = ZPBA - £C
= 1+ 22 = ZFBA - ZFAB
(from (i) part)
221 = ZPBA - ZFAB
21=1(sPBA - 2P2E)

<

= £CAD = %{gPE.A ~ ZPAB)

Question 13.
Two circles intersect each other at point A and B. Their common tangent touches the

circles at points P and Q as shown in the figure. Show that the angles PAQ and PBQ are
supplementary.



Solution:

Join AB.

PQis the tangent and AR is a chord

L ZOPA = ZPBALLLLLL (i) (angles in alternate segment)
Similarly,

LPQA = ZQBA ... ()

Adding (i) and (ii}

ZOPA + ZPQA = ZPBA + ZQBA

But, in APACQ,
éQP&* L/PQAE ISOD_éPQQU”J
and £PBA + ZOBA = ZPBQ. ..., (iv)

From (iii) and {iv)

ZPBQ = 1807 - £PAQD
= /PBQ+ ZPAQ = 1800
= /PAQ+ ZPBQ = 180°

Hence, £PAL) and £FPB0) are supplementary.

Question 14.

In the figure, chords AE and BC intersect each other at point D.
i) if, «.CDE =90° AB =5 cm, BD = 4 cm and CD = 9 cm; find DE
ii) If AD = BD, Show that AE = BC.



=
m

Solution:

Join AB.
il In Bt 4806,

ARZ = AD? 4 DE?

52 - ADZ 4 42
AD? = 25- 16
AD? = O
AD =3

Chords AE and CB intersect each other at D inside the circle
ADxDE=BDxDC
3xDE=4x9

DE=12cm

i) If AD = BD ......[0)

We know that:
ADxDE=BDxDC

But AD =BD
Therefore, DE = DC ......[i1)
Adding (i) and (ii)
AD+DE=BD+DC

Therefore, AE =BC



Question 15.

Circles with centers P and Q intersect at points A and B as shown in the figure. CBD is a
line segment and EBM is tangent to the circle, with centre Q, at point B. If the circles are
congruent; show that CE = BD.

Solution:

Join AB and AD

EBM is atangent and BD is a chord.

ZDBM = £ZBAD (angles in alternate segments)
But, «DBM = «ZCBE (Vertically opposite angles)
. £ZBAD = ZCBE

Since in the same circle or congruent circles, if angles are equal, then chords opposite to them are also equal.

Therefore, CE=BD

Question 16.

In the adjoining figure, O is the centre of the circle and AB is a tangent to it at point B.
Find «BDC = 65. Find BAO



Solution:

AB is a straight line.

- /ADE + /BOE = 180P
— /ADE + 65° = 1800
— /ADE = 115°........... (i

AR ie. DB istangent to the circle at point B and BC is the diameter.

- #DBC = 9°

In ABDC,

/DBC+ #BDC + 2DCE = 180°
— 9P + 65° + /DCB = 180°
= ~/DCB = 250

Mow, OE = OC (radii of the same circle)

L LZDCB o Z0OCE = Z0EC = 25°
Also,
ZOEC = #DEA =250, (i)

[wertically opposite angles)
In AADE,

ZADE + ZDEA + #DAE = 180P
From () and (i)
1152 + 257 + Z#DAE = 180°

= SDAE or ZBAG = 180° - 1407 = 40°
L LZBAD = 40P



Exercise 18 C

Question 1.
Prove that of any two chord of a circle, the greater chord is nearer to the centre.

Solution:

Given: A circle with centre O and radiusr. O L AB and O L D -Also AB = CD
To prove: OM = ON
Proof: Join OA and OC.
In Rt ALOM,
AC% = ANE + OVE
1 2
=re = [EAB] + OM?

—=r? = %ABE + OMF

Againin Rt. AONC,
QOC? = NC? + ON?

1 2
=r?= (E CD] + O

=2 =?1LCD2+DN2 ............. (ii)



:r2=%CD2+DN2 ............. (i)

From (i} and (ii)

$&§+OW=§CW+DW
But, AB = CD (given)
2O s O

= (] < ON

Hence, AB is nearer to the centre than CD.

Question 2.
OABC is arhombus whose three vertices A, B and C lie on a circle with centre O.
i) If the radius of the circle is 10 cm, find the area of the rhombus.

ii) If the area of the rhombus is 324/3 cm?, find the radius of the circle.

Solution:
c

A\

i) Radius =10 cm
In rhombus OABC,
OC=10cm

1

OB =Ly 1
5

OB==-x10=5cm
2

In Rt. AOCE,

OC? = OE? + EC?
= 102 = 5%+ EC?



= EC = 543
L AC =2xEC =2x5.3 = 1043

Area of rhombus = % ® OB« AC

10 % 1043

M|

= 50,8 cm?a 86.6 cm? (W3 = 1.73)

i) Area of rhombus = 32@ cm2

But area of rhombus OABC = 2 x area of AQMR

3

Area of rhombus OABC = 2« Tr

Where r is the side of the equilateral triangle OAB.

"JII—E 32(

"JII— 2_32{
= =64
=r=g

Therefore, radius of the circle = 8 cm

Question 3.
Two circles with centers A and B, and radii 5 cm and 3 cm, touch each other internally. If

the perpendicular bisector of the segment AB meets the bigger circle in P and Q; find
the length of PQ.

Solution:

H
e

0
If tweo circles touch internally, then distance between their centres is equal to the difference of their radii. So, AB =({5-3) cm =2 cm.

Also, the common chord PQ is the perpendicular bisector of AB. Therefore, AC=CB = % AB=1cm



Inright A ACP, we have AP2= ACZ + CP2
=52=12+CP?
=CP2=25-1=24

=CP=.24- 2.6 cm

Now, PQ=2CP
=2x2from

= & cm

Question 4.

Two chords AB and AC of a circle are equal. Prove that the centre of the circle, lies on
the bisector of the angle BAC.

Solution:

Given: AB and AC are two equal chords of C (O, ).
To prove: Centre, O lies on the bisector of 2 BAC.
Construction: Join BC. Let the bisector of .~ BAC intersects BCin P.
Proof:

In A APB and A APC,

AB = AC (Given)]

£ BAP =~ CAP (Given)

AP = AP (Common)

o AAPE = AAPT (SAS congruence criterion)

— BP=CPand »~ APE =~ APC[CPCT)

2 APB+ £ APC=1380" [Linear pair)

=> 2/ APBE =180° (2 APB= 2 APC)



= S APB=909°
Mow, BP = CP and & APB = 20°
- AP is the perpendicular bisector of chord BC.

= AP passes through the centre, O of the circle.

Question 5.
The diameter and a chord of circle have a common end-point. If the length of the

diameter is 20 cm and the length of the chord is 12 cm, how far is the chord from the
centre of the circle?

Solution:

AB is the diameter and AC is the chord.

Draw OL L AC

Since QL 1 AC and hence it bisects AC, O is the centre of the circle.
Therefore, OA=10cmand AL=46cm

Now, in Rt. AOLA,

AD? = AL® + OL?

=10° = 6%+ 0.2

=02 = 100- 36 = 64
= 0L =8cm

Therefore, chord is at a distance of 8 cm from the centre of the circle.

Question 6.
ABCD is a cyclic quadrilateral in which BC is parallel to AD, angle ADC = 110° and angle
BAC = 50°. Find angle DAC and angle DCA.



Solution:

ABCD is a cyclic quadrilateral inwhich AD||BC

ZADC = 1100, ZBAC = S0P
LB+ 2ZD = 180F

[Sum of opposite angles of a quadrilateral)

=B+ 110° =130
=sB=70"

Nowin ARBC,

LBAC+ ZABC+ £ACE = 180P

= 5P+ 707+ ZACE = 180°

= SACE = 180° - 120° = 60°

- 80 || BC

L ZDAC = ZACE = 60° (alternate angles)

Mowin AA0C,

LZDAC+ ZADC + 20DCA = 180°
= 60"+ 1107+ ~DCA = 180°
= LZDCA = 1800 - 1700 = 10P

Question 7.
In the given figure, C and D are points on the semicircle described on AB as diameter.
Given angle BAD = 70° and angle DBC = 30°, calculate angle BDC




Solution:
Since ABCD is a cyclic quadrilateral, therefore, »~ BCD + .~ BAD = 180"

[since opposite angles of a cyclic quadrilateral are supplementary)
= ./ BCD+70° =180°

=~ BCD=180° -70= =110°

In A BCD, we have,

£ CBD+ ~ BCD+ ~ BDC=180°

=:30° +110° + ~ BDC=1380"

=~ BDC=180° - 140=

=~ BDC =40#

Question 8.

In cyclic quadrilateral ABCD, £A =3 «C and «D = 5£B. Find the measure of each angle
of the quadrilateral.

Solution:

ABCD is a cyclic quadrilateral.
~2A+2C=180°
=34C++4C=180°
=4,C=180°

= 2£C=45°

wsA=34C
=LA =3x%x45°
= ¢£A=135°
Similarly,



~ 2B+ 2D =180°
=/B+52B =180°
= 6+B =180°

= +«B=30°

2D =5/B

=+,D=5x%x30°>

= «D =150°

Hence, A = 1350, «B = 30°, 2C =450, «D = 150°

Question 9.
Show that the circle drawn on any one of the equal sides of an isosceles triangle as
diameter bisects the base.

Solution:

B™~~———T1 C
Join AD.
AB is the diameter.
2 ADB =90 {Angle in a semi-circle)
But, .~ ADBE + ~ ADC = 12807 (lingar pair)
= ~ ADC=90°
In A ABD and A ACD,
2 ADB = ~ ADC (each 90%)
AB = AC (Given)
AD = AD (Common)
o MABD = A ACD (RHS congruence criterion)
= BD=DC(C.RCT)

Hence, the circle bisects base BC at D,



Question 10.

Bisectors of vertex A, B and C of a triangle ABC intersect its circumcircle at points D, E
a 1

and F respectively. Prove that angle EDF = 90° — 344

Solution:

Join ED. EF and DF. Also join BF, FA, AE and EC.

ZLEBF = ZECF = £EDF........... (i) (angles in the same segment)

In cyclic quadrilateral AFBE,
ZEBF + ZEAF = 18CF............(ii) {(Sum of opposite angles)

Similarly in cyclic quadrilateral CEAF,
ZEAF + ZECF = 180°............(iii)
Adding (ii) and (iii)

ZEBF + ZECF + 2ZEAF = 360°

= /EDF + ZEDF + 24EAF = 36C°  (from (i)
= 2/EDF + 2£EAF = 360°

= /EDF + ZEAF = 180°

= LEDF + Z1 + ZBAC + £2 = 18P

ButzZ1= 23 and £2=2/4

(angles in the same segment)



L LEDF + £33+ ZBAC + £4 = 1800

But £4= 2,C,/3- 18
2 >

L ZEDF + %iB + ZBAC + %gc = 150°

= SEDOF + %£B+ 2x%£ﬂ+ %£C= 1=20P

= ZEDF + %{iﬁw £B+ ZC)+ %£A= 180¢

= LEDF + %{18[}'] + ém - 1808

= JEDF + 9CF + éi:ﬂ« = 150r

= JEDF = 1807 - [9[]':' + %f_”ﬂ]

= JEDF = 1807 - QDD%JQ

= JEDF = 90° - %i.&.

Question 11.
In the figure, AB is the chord of a circle with centre O and DOC is a line segment such
that BC = DO. If £C = 20°, find angle AOD.

K A7 TN C

Solution:



Join OB.

In AOBC,

BC =00 = 0B (Radi of the same cirde)
L LBOC = LBCO = 20P

and ExtABO = ZBCO + #BOC

= Ext/AB0 = 20P + 200 = 40P, ..., (i)

In ADAB,

04 = OB (Radii of the same circle)
L ZOAB = ZOBA = 400 (from (i)
Z808 = 180° - Z0A4AB - Z0OBA

= SA0B = 180° - 400 - 407 = 100#

Since DOC is a straight line

L ZA00 + ZAOB + ZBOC = 1807
= LADD + 1007 + 20° = 180°

= LA0D = 180° - 120°

= LADD = 60°

Question 12.
Prove that the perimeter of a right triangle is equal to the sum of the diameter of its in
circle and twice the diameter of its circumcircle.

Solution:



Join OL, OM and ON.
Let D and d be the diameter of the circumcircle and incircle.

and let R and r be the radius of the circumcircle and incircle.

In circumcircle of AABC,

£B =90°

Therefore, AC is the diameter of the circumcircleie. AC=D
Let radius of the incircle=r

LOL=0M=0ON=r

Now, from B, BL, BM are the tangents to the incircle.

LSBL=BM=r
Similarly,
AM= AN andCL=CN =R

(Tangents from the point outside the circle)
Now,

AB+BC+CA = AM+BEM+BL+CL+CA

= AN+r+r+CN+CA

= AN+CN+2r+CA

= AC+AC+2r

=2AC+2r

=2D+d

Question 13.
P is the midpoint of an arc APB of a circle. Prove that the tangent drawn at P will be
parallel to the chord AB.



Solution:

Iy B

Join AP and BF.

Since TPS is a tangent and PAis the chord of the circle.
ZBFT = 2 PAB (angles in alternate segments)

But

ZPBA = ZPAB(-- PA = PB)
- ZBPT = ZPBA

But these are alternate angles

- TPS || AB

Question 14.

In the given figure, MN is the common chord of two intersecting circles and AB is their
common tangent.

Prove that the line NM produced bisects AB at P.



Solution:

From P, AP is the tangent and PMM is the secant for first circle.

< APZ = PMxPM....... (i

Againfrom P PB is the tangent and PMM is the secant for second circle.
. FB? = PV x PR, el
From (i) and (ii)

AP? = PB®
= AP = PB

Therefore, P is the midpoint of AB.

Question 15.

In the given figure, ABCD is a cyclic quadrilateral, PQ is tangent to the circle at point C
and BD is its diameter. If 2DCQ = 40° and 2ABD = 60°, find:

i) .DBC

ii) 2~ BCP
iii) 2 ADB

Solution:



il PQis tangent and CDis a chord

L L0200 = #DBC (angles in the alternate segment)

2 ZDBC = 400 ( ZDCQ = 400)
i
2DCQ + ZDCE + ZBCP = 180P

= AP+ 9P + LBCP = 180F [ ZDCB = 90°)
= LBCP = 120F - 130F = (P

i} In AABD,

ZBAD = 90°, LABD = 6P
- ZADB = 180° - (90 + 60)
= ~ADB = 1807 - 150° = 30°

Question 16.

The given figure shows a circle with centre O and BCD is a tangent to it at C. Show
that: ZACD + «BAC =90°

>

Solution:

Join OC.

BCD is the tangent and OC is the radius.



L oC1LBD

= < 0C0D = Q0#
=008+ 2ZAC0 =90 (i)
Butin ADCA

08 = OC (radii of same drde)

L L0CA = SOAC

Substituting in (i)

ZOAC + £ACD = Q0P
= <BAC+ ZACD = 90F

Question 17.

ABC is a right triangle with angle B = 90°. A circle with BC as diameter meets by
hypotenuse AC at point D.

Prove that -

i) AC x AD = AB?

ii) BD?= AD x DC.

Solution:

_/

i)in AABC,

ZB = 9(0r and BC is the diameter of the circle.
Therefore, AB is the tangent to the circle at B.
Now, AB is tangent and ADC is the secant

. AB* = ADx AC

i) In AADB,



L0 =909

L 2B+ ZPBD = 900, (1)
Butin ARBC, 2B = 9CF
CLAFZC =90 (ii)

From (i) and (ii)
S0 = ZAB0

Nowin A8BD and ACED,

ZBDA = ZBDC = 907
ZABO = ZBCD

L AABD -~ ACBD (AN Postulate)
CBD AD

DC BD
=BD? = ADxDC

Question 18.
In the given figure AC = AE.

Show that:
i) CP=EP
i) BP = DP

Solution:

In 4 A0S and MABE,
SACD = 2AEB (angles inthe same segment)
AC = AE (Given)

28 = 28 (Common)



S AADC = AMBE (ASA Postulate)
=AB=AD
but AC =AE

L AC-AB=AE-AD
=BC=D0E

In ABPC and ADPE,
S = ~F (angles in the same segment)
BC=DE
ZCBP = ACDE (angles in the same segment)
- ABPC = ADPE (ASA Postulate)
=BP =DPand CP = PE [cpct)
Question 19.
ABCDE is a cyclic pentagon with centre of its circumcircle at point O such that AB = BC
= CD and angle ABC=120°
Calculate:

i) 2BEC
ii) 2 BED

Solution:

i) Join OC and OB.



ABE=BC=CDand #ABC = 120°

L ZBCD = ZARC = 1200

OB and OC are the bisectors of 2 ABRC and ~B CD respectively.
L L0BC = ZBCO = 60

In ABOC,

ZBOC = 180 - (£0BC + £ZBOC)
= +BOC = 180° - (60 + 60°)
= +/BOC = 1807 - 120° = 60°

Arc BC subtends B0 atthe centre and .~ BEC at the remaining part of the circle.

. ZBEC = %ﬁac _ %x 600 = 30P

it} In cyclic gquadrilateral BCDE,

ZBED + ZBCD = 120P
= ZBED + 1207 = 120"
. ZBED = &0"

Question 20.

In the given figure, O is the centre of the circle. Tangents at A and B meet at C. If angle
ACO = 30°, find:

(i) angle BCO

(i) angle AOB

(i) angle APB




Solution:

In the given fig, O is the centre of the circle and CA and CB are the tangents to the circle from C. Also, ~ ACO =302
P is any point on the circle. P and PE are joined.

Tofind: (i} #BCO

i) ~A0B

(i)In A0AC and CBC,

OC=0C (common)

04 = OB (radius of the drde)

CA=CB ([tangents to the drcle)

© ADAC = AQBC [SSS congruence ariterion)
L LACOD = ZBOO = 307

fii) . £ACB = 30° + 30° = 60°

L LADB + ZACE = 180°

= 2408 + &60° = 180°

= 2408 = 180° - c0®

= 2408 = 120°

fiii) Arc AB subtends ZAOB at the centre and ZAPB

iz in the remaining part of the drcle

4APB=%4ADB _ % % 120° = 60°

Question 21.
ABC is a triangle with AB =10 cm, BC = 8 cm and AC = 6¢cm (not drawn to scale). Three

circles are drawn touching each other with the vertices as their centres. Find the radii of
the three circles.



Solution:

Given: ABC is a triangle with AB = 10 cm, BC= 8 cm, AC = & cm. Three circles are drawn with centre A, B and C touch each other at P, Qand R
respectively.

We need to find the radii of the three circles.

Let

P& = AD = x

Qo =CR =y

REB =BF =z
LE4r=10 .. (1)
Z+Hy=8 ... =3



Adding all the three equations, we have
2fx+y+z) =24

= x+v+z=%= 12 ... (<

Subtracting (1), (2)and {3) from {4)
y=12-10=2

x=12-8=4

z=12-6=6

Therefore, radii are 2 cm, 4 cm and 6 cm

Question 22.

In a square ABCD, its diagonal AC and BD intersect each other at point O. The bisector
of angle DAO meets BD at point M and bisector of angle ABD meets AC at N and AM at
L. Show that -

i) 2ONL + £OML = 180°
i) 2.BAM = LBMA
iii) ALOB is a cyclic quadrilateral.

Solution:
A D
L
N M
(8]
B C

) £ACB = ZACD = 90°
In AANB,
ZANB = 180° - (ZMNAB + ZNBA)

425 ] (MB is bisector of Z4BD)

= ZAMNE = 180° - [45‘3 +

= SAMNEB = 180F - 45° - g =135"-
But, ALMNO = ~ARE (vertically opposite angles)

-+ ZLNO = 1350 - ? .......... (i)

45

Now in ABMO,
ZAMO = 180 — (ZACM + LOAM)

= ZAMOD = 180° - (90F + ?) (M4 is bisector of ZDAD)

::>£&MD=18D°—QD°—§=9CP—§ ....... (i)



Adding (i) and (ii)

ZLNO + ZAMO = 1357 - 4 i

+ 907 -
2

= SLMNO + ZAMO = 2257 — 45% = 1807

= JONL + Z0ML =180°
ii)
LBAN = £BAD + £0OAM

— /BAM = 4504 220 _ 6?%

and

ZBMA = 180° — ( LADM + Z0AM)

— /BMA = 180° - 00° - 22 _ age- ? _ 6?%

L ZBAN = ZBMA
iii} In quadrilateral ALOE,
v SABO + AALD = 450 4 909 4 450 = 180P

Therefore, ALOB is a cyclic quadrilateral.

Question 23.
The given figure shows a semicircle with centre O and diameter PQ. If PA = AB
and £B0OQ = 140°; find measures of angles PAB and AQB. Also, show that AO is parallel
to BQ.
B

Solution:



Join PB.
i) In cyclic quadrilateral PBCO,

/BPQ + #BCQ = 180P
— /BPQ+ 1400 = 1800
= /BPQ = 40P (1

Mow in APBQ,

ZPBO+ ZBPQ + ZBQP = 1800
= 9P + 40P + ZBQP = 180P
— /BOP = 50°

In cyclic gquadrilateral PQBA,

ZPOB + £PABE = 180°
= 5" + ZPAB = 150F
= <PAB = 1350°

i) Now in APAB,

SFAR + ZAFPBE + #ABF = 18P

= 12307 + ZAFE + ~ABF = 18P

= SAPBE + ZABP = 5P

But

ZAFB = ZABP (PA=FB

L SRAPE = ZABRP = 25

ZBAQ = ZBPQ = 40F

ZAFB = 257 = ZAQB [angles in the same segment)

L ZAQB =28 (2



iii) Arc AQ subtends £A00) at the centre and .~ APQ at the remaining part of the circle.
We have,

ZAPQ = LAPB + £BPQ....(3)

From (1), (2} and {3), we have

ZAPCQ = 25° + 40° = 657

LSRG = 228P0) = 20657 = 1350

Mow in AACC),

ZOAQ = 2008 (- OA = OQ)
but

Z0AQ + LO0A + ZA00 = 1800
= LOAQ + Z0A0 + 1300 = 18P
= 2/0A0 = 5P

= L0AQ = 25°

L Z0AQ = £AQB

But these are alternate angles.

Hence, AD is parallel to BQ.

Question 24.

The given figure shows a circle with centre O such that chord RS is parallel to chord QT,
angle PRT = 20° and angle POQ = 100°.

Calculate -

i) angle QTR

ii) angle QRP

iii) angle QRS

iv) angle STR

n/_\s




Join PQ,RQ and ST.
i
ZPOQ+ ZQOR = 180°

= 100° + ZQOR = 1800
= ZQOR = 8(P

Arc RQ subtends ZQOR at the centre and £ QTR at the remaining part of the circle.

© ZQTR = %AQOR

:>4QTR=%><80°=40°

ii) Arc QP subtends £ZQOP at the centre and £ QRP at the remaining part of the circle.

. ZORP = ééQOP

=>4QRP=%><100°=50°

i) RS || QT

L ZSRT = ZOTR (alternate angles)

but ZQTR = 40P
L Z5RT = 40
M e,

ZORS = ZQRP + Z/PRT + ZSRT
= SORS = 5P+ 20P + 40 = 110P

iv) Since RSTQ is a cyclic quadrilateral
L LORS + LTS = 180° (sum of opposite angles)

= LORS + £0TR + ZSTR. = 180P
— 1107+ 40° + £STR = 180°
— £STR = 30¢



Question 25.

In the given figure, PAT is tangent to the circle with centre O, at point A on its
circumference and is parallel to chord BC. If CDQ is a line segment, show that:
i) 2BAP = £ADQ

ii) £AOB = 22ADQ

(iii) zADQ = £ADB.

b

Solution:

i) Since PAT||BC

- SPAR = ~ABRC [alternate angles) ... (i)
In cyclic guadrilateral ABCD,

ExtsADD = ZABC L. (i}

from (i} and (ii)

ZPAB = ZADO)

i) Arc AB subtends 2208 at the centre and ~ADB at the remaining part of the circle,

L ZA0B = 22ADB

= SA0B = 2-PAB (angles in alternate segments)
= ZA0B = 22200 (provedin (i) part)

1

iii)
- ZBAP = ZA0DB (anglesin alternate segments)

but

ZBAP = 2ADQ (provedin (i) part)
L ZAD0 = 2ADB



Question 26.

AB is a line segment and M is its midpoint. Three semicircles are drawn with AM, MB
and AB as diameters on the same side of the line AB. A circle with radius r unit is drawn
so that it touches all the three semicircles. Show that: AB=6 xr

Solution:

P M Q
Let O, P and Q be the centers of the circle and semicircles.
Join OP and OQ.

OR=0S=r

and AP=PM=MQ=QB= %B

Now, OP=0OR+RP=r+ AT? (since PM=RP=radii of same circle)

Similarly, OQ=05+5Q=r+ @

OM=LM-:OL=%B_-r

Now in Rt. AOPV]



OF% = PMP+ QNP

(2] (5

, AB* r.&.B_.&.BE AB*

:}r+16+ 5 16+ 4+r2—r.ﬂ~.B
2
o M8 _ AT ap
= X
2
SN S = B
< <
AR 3rAB
== _ -
4 =
AB_Br
4 2
3
:‘;ﬁxE':-=§rx4=Er
Hence AB=6&xr
Question 27.

TA and TB are tangents to a circle with centre O from an external point T. OT intersects
the circle at point P. Prove that AP bisects the angle TAB.

Solution:

Join PE.
In 4 TAPand A TEPR,
TA = TE (tangents segments from an external points are equal in length)

Also, ~ ATP = .~ BTP (since OT is equally inclined with TA and TB) TP = TP (common)



= ATAP = ATBP (by SAS criterion of congruency)
= » TAP = .~ TBP (corresponding parts of congruent triangles are egual)
But .~ TEP = . BAP {angles in alternate segments)
Therefore, »~ TAP = ~ BAF.
Hence, AP bisects .~ TAB.
Question 28.
Two circles intersect in points P and Q. A secant passing through P intersects the circle

in A and B respectively. Tangents to the circles at A and B intersect at T. Prove that A, Q,
B and T lie on a circle.

Solution:

Join PQ.
AT istangent and AP is a chord.

o LTAP = ZAQP (angles in alternate segments) ........ (i)
Similarly, ZTBP = ZBQP .......{ii)
Adding (i) and (ii)

ZTEP + ZTBP = ZAQP + Z/BQP
= LTAP+ ZLTBP = ZAGB............ (iii)

Now in ATAB,

ZATB + LTAP+ ZTBP = 1807
= ZATB + ZAQB = 180r

Therefore, AQBT is a cyclic quadrilateral.

Hence, A, Q,Band T lie on a circle.



Question 29.
Prove that any four vertices of a regular pentagon are concyclic (lie on the same circle)

Solution:

A

C

ABCDE is a regular pentagon.

- /BAE = ZABC = /BCD = ZCDE = ZDEA = {5‘52] % 180° = 108°

In A AED,

AE = ED (Sides of regular pentagon ABCDE)
. £ EAD= ~ EDA

In & AED,

£ AED + ~ BEAD + ~ EDA = 180"

= 108+ ~ EAD + ~ EAD = 180°

= 2./ EAD=180°-108°= 72°

= ~ EAD=36°

. 2 EDA =367

£ BAD= ~ BAE- A EAD=108"-34"=72°

In quadrilateral ABCD,

£ BAD+ ~ BCD =108+ 72°=180°

L ABCD s a cyclic quadrilateral

Question 30.

Chords AB and CD of a circle when extended meet at point X. Given AB =4 cm,BX =6
cm and XD = 5 cm. Calculate the length of CD.



We know that XB.XA = XD.XC
Or, XB.(XB + BA) = XD.(XD + CD)
Or,6{6 +4)=5(5+CD)
Or,60=5(5+CD)

Or.5°CD=§59=12

Oor,.CD=12-5=7cm.

Question 31.
In the given figure, find TP if AT =16 cm and AB =12 cm.

Solution:



PT is the tangent and TBA is the secant of the circle.
Therefore, TP2=TAxTB
TP2=16x(16-12) =16 x4 =64 = (8)%

Therefore, TP=8cm

Question 32.

In the following figure, A circle is inscribed in the quadrilateral ABCD.

25 cm ,

A

38 cm >

If BC =38 cm, QB =27 cm, DC =25 cm and that AD is perpendicular to DC, find the
radius of the circle.



Solution:

From the figure we see that BO = BR = 27 cm {since length of the tangent segments from an

external point are equal)
AsBC=38cm
—CR=CEB-BR=3&8-27
=11cm
Again,
CR =C5=11cm {length of tangent segments from an external point are equal)
Mow, as DC =25 cm
- Ds=DC-S5C
=25-11
=14 cm
Mowy, in quadrilateral DSOP,
2 PDS =20° (given)
205D =200, ~ OPD=920" (since tangent is perpendicular to the
radius through the point of contact)
=DS0Pis a parallelogram
=0P||SD and =PD||O5
Mow, as OP =05 (radii of the same circle)
=0OPDS5isasquare. . D5=0P=14cm

- radius of the circle = 14 cm

Question 33.

In the figure, XY is the diameter of the circle, PQ is the tangent to the circle at Y. Given
that ZAXB = 50° and £ABX = 70°. Calculate «BAY and 2APY.



Solution:

In A AXE,

S XAB+ 2 AXB + 2 AEX=1800° [Triangle proparty]
= < XABE+50° +70° =180¢°

= ~ XAB=180% -120° = 60"

= ~ XAY=90° [Angle of semi-circle]

L L BAY= 2 KAY - L KAB =900 - 600 =30¢°

and ~ BXY = ~ BAY = 30° [Angle of same segment]



L2 ACK = 2 BXY + 2 ABX [External angle = Sum of two interior angles]
=309 +70e

=100¢

also,

£ XYP=90° [Diameter L tangent]

2 APY = » ACK -~ CYP

Z APY=100% - 30°

£ APY=10¢°

Question 34.

In the given figure, QAP is the tangent at point A and PBD is a straight line. If ZACB = 36°
and £APB = 42°; find:

i) 2BAP

ii) 2ABD

iii) 2QAD

iv) zBCD

Solution:

PAC is a tangent and AR is a chord of the circle.
- ZBAP = ~ACE = 36° (angles in alternate segment)
il In ALPB,

ExtZABD = ZAPE + ZBAP
= ExtZABD = 427 4+ 367 = 7&°

i) #ADB = ~ACE = 352 (angles in the same segment)



MNowin ARPAD,

ExtsQAD = ZAPE + ZADE
= Ext2QAD = 427 + 56° = 75"

iv) PAQ is the tangent and AD is chord

L LZ0AD = ZACD = 780 (angles in alternate segment)
and ZBCD = ZACE + £ACZD
LLBCD = S0+ e = 1140

Question 35.
In the given figure, AB is the diameter. The tangent at C meets AB produced at Q.

If
£CAB = 34°, find
i) .CBA

ii) 2.CQB

Solution:

i) AB is diameter of circle.
L ACE = 90r
In ALBC,

2B+ 2B+ 20 =180
= 34"+ ZCBA + 907 = 180F
= LCBA = 557



i) QCis tangent to the circle

L LZTAR = Z0CEB

Angle between tangent and chord = angle in alternate segment
L L0CB = 340

ABQ is a straight line

= ZRABC + ZCBO) = 180P

= 56"+ SCBQ = 180

= JCRQ = 124°

Mo,

0B = 180 - Z0CB - ZCBQ
= L00B = 180 - 547 - 1240
= JC0OB =22

Question 36.

In the given figure, O is the centre of the circle. The tangents at B and D intersect each
other at point P.

If AB is parallel to CD and 2ABC = 55°, find:
i) 2BOD
ii) .BPD

Solution:
i)
SB0O0D = Z2BCO
= SB00=2=55"= 110CF

i) Since, BPDO is cyclic quadrilateral, opposite angles are supplementary.

L LB0O0D + £BPD = 180P°
= ZBPD = 180" - 110" = 70"



Question 37.

In the figure given below PQ =QR, £RQP = 68°, PC and CQ are tangents to the circle with
centre O. Calculate the values of:

i) 2QOP

ii) £QCP

Solution:
i) PQ=RQ

i1

L £PRO) = Z0PR (opposite angles of equal sides of a triangle)

— /PRO+ QPR + 62° = 180°
— 2/PRQ = 180° - 62°

= /PRO - 112 1; - 56°

Mow, .~ QOP =2 PRQ (angle at the centre is double)

= A00FP =2x56"=112"

il = POC = ~ PRO (angles in alternate segments are equal)
2 QPC =~ PRQ (angles in alternate segments)

L LPQC = £Z0PC = 560 (- £PRO = 58° fromii))
LPQC+ ZOPC + ZQCF = 1800

— 56° 4 56° + ~QCP = 1800
— S0P = 68

Question 38.
In two concentric circles prove that all chords of the outer circle, which touch the inner
circle, are of equal length.



Solution:

Consider two concentric circles with centres at O. Let AR and CD be two chords of the outer circle which touch the inner circle at the points M and
N respectively.

To prove the given question, it is sufficient to prove AB = CD.
For this join OM, ON, OB and OD.

Let the radius of outer and inner circles be R and r respectively.
AB touches the inner circle at M.

.. ABis a tangent to the inner circle

. OM LAB

=>BM=EAB
2

=AB =2BM
Similarly ON L CD,and CD = 2DN
Using Pythagoras theoremin A OMB and A OND

OB* = OMF + BMP, 0D = ON? + DM

=BM=+RZ-r%, DN=+RZ-r?

[y,
AB=2BM= 20RZ-r2, CD=2DN-= 2§RZ-r2
L AB=CD

Hence Proved,

Question 39.

In the figure, given below, AC is a transverse common tangent to two circles with
centers P and Q and of radii 6 cm and 3 cm respectively.

Given that AB = 8 cm, calculate PQ.

A

Solution:



Since AC is tangent to the circle with center P at point A.
s SPABE = QP

Similarly, ZQCB = 90r

In APAB and AQUE,

ZPAB = Z0CE = S0

ZPBA = Z0BC (vertically opposite angles)
. APAB ~ AQUB
PA_PB

Alsoin Rt APAB,

PB = Pa2 + PB2

= PB = f62 + 92 = BB+ 64 = 100 = 10 cm....... (i}

From (i) and (ii).

6_10

3 QB
::QB:BKI':I:ECTTI
Mo,

PO=FBE+QB=(10+5)cm=15cm

Question 40.

In the figure given below, O is the centre of the circum circle of triangle XYZ. Tangents
at X and Y intersect at point T. Given 2XTY = 80° and £X0Z = 140°, calculate the value
of £ZXY.



80

—

Solution:

Inthe figure, a circle with centre O, is the circum circle of triangle X2,
LXOZ = 140°
Tangents at X and Y intersect at point T, such that 2 XTY = 802

L LXOY = 180° —-20° = 1007

But, ZX0OV + 2YOZ + £Z0X = 360° [Angles at a point ]
= 100° + 2¥07 + 140° = 360°

= 240° + £ ¥ = 360°

= £¥Y07 = 360° - 240°

= £¥Y0Z = 120°

Mow arc YZ subtends ZY0Z at the centre and £YXZ at
the remaining part of the cirde

L LYOS = 22¥K7

= LVXZ - %/_f voz

= VKT = %x 120° = 60°

Question 41.

In the given figure, AE and BC intersect each other at point D. If zZCDE=90°, AB = 5 cm,
BD =4 cm and CD =9 cm, find AE.



C

N

B

Solution:

B

From Rt. AADB,

AD = JABZ-DB? = 52 - 42 = 25-16 =9 =3 cm
Now, since the two chords AE and BC intersect at D,

ADxDE=CDxDB

3xDE=9x4
DE = 2X%_ 12
3

Hence, AE=AD+DE=(3+12)=15cm

Question 42.
In the given circle with centre O, ZABC = 100°, ZACD = 40° and CT is a tangent to the
circle at C. Find ZADC and «DCT.



Solution:

In a cvclic quadrilateral ABCD,

JABC 4 S ADC - 1808 ”[oppoate angles of a cydic quadrilateral ]
are supplementary

= 1007 + ZADC = 180°

= ZADC = 30°

Mo, 10 AAC0,

ZAC0D + ZCAD + £ADC = 180°

= 40P + £ CAD + 80° = 180F

= LCAD = 180° - 120°

= LCAD = 60P

Mow #DZT = #CAD . .(angles in the alternate segment are equal)
L £0CT = 60m

Question 43.
In the figure given below, O is the centre of the circle and SP is a tangent. If £SRT = 65°,
find the values of x, y and z.




Solution:

TS 1 SP,
= TSR = 9P

In ATSR,

ZTSR + ZTRS + ZRTS = 180¢
= 00° + 657 + x = 180P

= x = 180° - 907 - 5P

= ¥ =257

Angle subtended at the centre is double that of the
Mowy, W = 2% .

angle subtended by the arc at the same cenfre
=y = Dy 200
=y = S0P
In ADSP,

OSSP+ £SPO+ £POS = 180°
=907+ z+ 50° = 1807

=z =180° - 140°

= z=40r

Hence, x =259, v =507 and z = 4CF





